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Summary

The process of recovery of information proceeds by conditioning
on ancillaries which are part of the minimal sufficient statistic (MSS),
so-called internal ancillaries. This is motivated by the notion that
ancillaries function as precision indices. In some cases the ancillary can
itself replace the sample size entirely in the model. It is decided that
such ancillaries must be conditioned on if one of the sufficiency or
conditionality principles is not to be violated.
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1. Introduction

The notion of ancillarity was originally introduced by Fisher
(1925) in discussing the appropriate analysis of models for which the
maximum likelihood estimator (MLE), T, was not sufficient. When an
ancillary complement A, such that the MSS may be written as (7, 4),
exists then it was recommended that the precision of T be quoted
relative to the family of measures conditional on A. Apart from the
“information recovery” to which this gives rise, the process was seen
as analogous to the usual practice of quoting the precision of
estimators based on an i.i.d. sample X, ..., X, conditional on the
sample size N.

“Their (ancillaries’) function is, in fact, analogous to the part which
the size of our sample is always expected to play, in telling us what
reliance to place on the result” (1935, p. 39)
The details of this process were first elucidated in a series of papers by
Basu (1955, 1958, 1959, 1964) which focused initially on some
technical aspects of ancillarity and later on a detailed study of the
schema of Fisher just described. Briefly the problems encountered
were

(1) more than one ancillary complement to T may exist,
(ii) no ancillary complement to 7 may exist.
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In either case the appropriate precision index for the MLE is unclear.
Basu, and later Kalbfleisch (1975), attempted to resolve the dilemma
by permitting only those ancillaries corresponding to a performable
experiment, and thus more closely mimicking the sample size, to be
considered as conditioning variables. More recently Bartlett (1983)
gives some interesting examples where quoting the variance of the
estimator conditional on an appropriate ancillary is strongly indicated.
This variance will often, but not always, be lower than the uncondi-
tional variance bound (on average it is the same) and it is clear that
the fundamental choice of which, if any, ancillaries to condition on
must be made before the imposition of properties like minimum
variance or unbiasedness. One aspect of these models, not stressed in
that paper but noted in Williams (1982), is that the distribution of the
estimator, conditional on the ancillary, no longer depends on the
sample size. With the sample size playing such an important role in
the conditionality argument we will examine some models for which
the sample size, in some sense, is contained in an available ancillary
component of the MSS.

2. Some Examples of N-Sufficient Ancillaries

The following is an extension of one of the best known examples
of an internal ancillary and was in fact used by Fisher to illustrate the
recovery of information process. The ancillary involved however has
the property that conditioning on it removes the sample size from the
joint density of the MSS, a property which forms the main subject
matter of this paper.

Example 1. Let X, Y be exponential variables with joint density
given by
fG,y, 0)=e "8 for xy, 8>0.
For an independent sample of pairs (x,, ) (X2, ¥2), -, (X, ¥a) the
loglikelihood is given by '
log L(6)= 07Ty, + 63 x,

from which it is clear that S=(X, ¥)=(2 X, = Y:) is the minimal
sufficient statistic for 6 with respectively, I'(n, 1/6). T(n, 8) distribu-
tions and joint density function

Jax(x y) = (xy)*~le =00 (n — 1)12,

Then T=Y/X is the MLE for 6 and U = XY is distributed free of 8.
The determinant of the Jacobian of this transformation turns out to be
1/2UT so that the joint density of U, T is given by

1
fU,T(tJ Ll) - EI;E un—le-—u(elt-i-tla)/(n . 1)!2.
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Integrating out ¢ and changing variables gives the marginal, 6-free,
density of U as

folw) = u" K w)/[2(n ~ 1))

where K(u) is a normalising constant, being that of the product of two
independent I'(n, 1) variates. We hence obtain the U-conditional
density

) .
f(r l u) o _t_ e-—~u(6/r+:/8)/K(u)'

The usual definition of sufficiency relates the information of a
statistic to a parameter. A useful extension of this concept is to say a
statistic S, is sufficient for a statistic S, if conditioning on §; removes S,
from the model. Certainly, if S, is a function of S, then this is the case.
However, this extended sufficiency is a more relevant relation for
conditional inference than mere functional inclusion. In the above
example, we see that the ancillary statistic has completely replaced the
sample size as a precision index. We thus say that U is “sufficient for
the sample size” and we term U “N-sufficient”. Such variables are, in
some sense, better than or equal to N as conditioning variables.
Another example, which beautifully brings out this nature of an
ancillary as a precision index, is found in Bartlett (1983).

Example 2. Consider » independent observations on the R[8 —
1, 6+1] distribution for which the minimal sufficient statistic is
(max X;, min X;) and, since 8 is a location parameter, maxJX;—
min X; = A(X) is an internal ancillary by invariance arguments. The
estimator
=2(max X; + min X)

has the R[8 —3(1 ~a), 8 +3(1 — a)] distribution, conditional on A =
a, so again A has replaced n as a precision index. This is in accord with
intuition since it is the interval width 1~ a which tells us how closely
we can estimate 6, not the sample size. Unfortunately, the following
example of Fisher (1956), though not considered in the same context,
shows us that ancillaries are not, in general, N-sufficient.

Example 3. This example is found in Fisher (1956)’s discussion
of the existence of internal ancillaries,

Fori=1,...,nlet (X}, Y;) be independent normal variates with
unit variance and expectation on the unit circle. Letting £(X) = cos 8
and E(Y) =sin 8, the minimal sufficient statistic for 6 1s just

(X, ¥) = (21 X, 2 ¥vi)

being independent normal variates with unit variance and means oin
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the circle of radius V/n. Transform from (X, Y) to (R, T) via
X=RsinT, Y=RcosT
giving joint density

r . _
fR‘T(l’, [).:5_—_{8—'1/20 +1)er\/}_zcos(r 8)
27

so that the conditional density of ¢ is

f(e][7) = x(ry/n)errees (=)

where x(r\/n) is the appropriate normalising constant. It will be
observed that this density depends on both » and r.

Example 4. Let us take a sequence of independent observations
X1, ..., Xy on a variable X with density f(x, 8) where the sample size
N is not fixed but a random variable with distribution not depending
on 6. The likelihood for this data is then

log L(8) = i log f(x;, 8) +log P(N =n)
i=]

from which it is clear that a sufficient statistic for 8 is given by
S"“:(Xi, Xz, ‘e ey XN} N).

When the family f(x, 0) is not exponential (ex. Cauchy) this will also
be necessary (i.e. minimal) sufficient. The statistic N, however, is an
ancillary statistic internal to the MSS and is of course also N -sufficient.

How common then is the phenomenon of N-sufficiency? The
following is a generalisation of Example 1.

Example 5 (Set of exponential variates with related scales). For
i=1,...,k and j=1,..., n; let X be independent exponential
variates with rates 1/8” where no two b, are equal or zero. Then the
minimal sufficient statistic for the parameter @ has ith component

(X)=Xu+...+X, for i=1,...,k
and X;6” has the gamma distribution with convolution parameter
n; and unit rate. Denote b=(b;,...,b,), n=(n,..., n), 1=
(1,...,1) and
k k
a=b.1=> b, d=b.n=> bn,
i=1 i=1

We claim that there exist exactly k —1 functionally independent
ancillaries. Consider the equation

k
— Cii
[]f - H X,
i=1
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Then the k — 1 linearly independent vectors ¢; satisfying
Cj .b=0

correspond to k — 1 functionally independent statistics each with unit
scale. Since the M.L.E is the solution of a polynomial of degree
max (b;) — min (b;) take as a reasonable estimate of 0

k
T=1]XM"
1
with scale 8% We will transform (X3, ..., X)) — (Uy, ..., Upy, T).

Inverting this transformation and taking the appropriate powers of the
U, and T we may write

X} =& (U) Tbi!
where g;(U) is a product of appropriate powers of the u;. The Jacobian
of this transformation has terms

__( )= 28 ag;(u)

J

5} (x) =big(w)t r =gupu)bt i=1,...,k j=1,..., k-1

=gy i=1,...,k j=1,...., k-1

with determinant of the form A(u):®'. The density of X;, ..., X, is
thus

k k k
H(m)6®] | x/~" exp [ -2 xfeb‘] > dx,
fal i=1 i=1

where H(n) = [15.; 1/T(n;). The density of U, . .., Uy_;, T is hence

H(n)g(u)h(u) E du;6%17 " exp { — I:[lgi(u)(te)bf} dt

where g(u)=TII"-;g;(n) while the joint marginal density of
U, ..., U418

[H(n)g(u)h(u) }E dui] Ue%‘*’“l exp [ ~ igi(u)(rﬁ)bf} dt}

= H(n)g(u)h(u) ] dul(®, b, )

i=31

where

1{(®,b,u) = J"uq’“l exp [ - 2 gl-(u)vbf] dv

Hence the density of X = 67, conditional on U = u, is given by

Vi exp [~ Sy gi(wx”] |
I(D,b,u)

dF{x)=
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which depends on the sample sizes ny, ..., n; only through the term
D,

Example 6 (Set of normal variates with related scales). For
t=1,...,kand j=1,..., n let X; be independent normal variates
with zero means and variances 1/0™*% where no two b; are equal or
zero. Then the MSS for the parameter o has ith component

(X)=Xi+...+X% for i=1,..., k

X,0% has the chi-squared distribution with », degrees of freedom. By
proceeding analogously to Example 5 it may be shown that the
distribution of the estimator ¢°T, conditional on the ancillary U, is

VX™ " exp [~31/, gi(u)x®i]
I{(®, b, u)

where I(®, b, u) is the integral of the numerator with respect to x and
which depends on the sample sizes n,, . . . , n, again, only through the
terms . Suppose that the sampling scheme is such that n,=n for
i=1,...,k%k Then for the conditional density to be free of n it is
necessary and sufficient that £ b, =0. On the other hand if the
sampling scheme is such that each n; is chosen independently then a
necessary and sufficient condition for the conditional density to be free
of n; is that b;=0. However in this case X; will not be part of the
minimal sufficient statistic.

We conclude from the above examples that N-sufficiency of an
ancillary is the exception rather than the rule. Be that as it may, what
is the significance of this property when it is present?

dF(x) = dx

3. N-Sufficiency and the Conditionality/Sufficiency Principles

Gordon (1983) gives a multinomial example where no ancillary
contained in the MSS (which we call an internal ancillary) appears to
exist but where another intuitively appealing ancillary is available.
Another well known, and compelling continuous example, is the
model of correlated unit normal variables in Basu (1964). Such
examples appear to bring the sufficiency and conditionality principles
into conflict since, if the sufficiency principle is first applied, then
non-internal ancillaries are unavailable. Why the insistence that only
ancillaries contained in the MSS be considered? Apart from the fact
that any other ancillaries utilise aspects of the model besides the
likelihood function, non-internal ancillaries include all the statistics
which are independent of the MSS and conmsequently useless as
conditioning variables. We will term such ancillaries external and will
arbitrarily include constant ancillaries under this heading. Ancillaries
which are neither a function of, not independent of, the MSS we may
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term neutral and it is these which, paradoxically, often appear to be
appropriate conditioning variables.

The next lemma establishes the exclusiveness of the definitions of
internal/external. Neutral ancillaries are clearly exclusive of the other
two classes by definition.

Lemma. Let A be an internal ancillary and denote by T the,
possibly vector valued, residual of the minimal sufficient statistic S for
8. Then A and T are not independent.

Proof. Suppose the ‘mimimal sufficient statistic can be written
S=(T, A). T may contain still more ancillary components. We may
then write the likelihood function as

L(0) = filt(x), a(x);0)f(x)

where A(X) has O-free distribution. Denoting the density of T,
conditional on A = a, by g and the 8-free density of A by &, we may
rewrite this as L(8)=g(¢|a; 6)h(a). Then, if A is independent of T
then g(t|a;6) is free of “a” so that T alone is the MSS for 6
contradicting the internal ancillarity of A.

The converse of this proposition, namely that if 4 and T are
independent then A is not an internal ancillary, may be strengthened to
a conclusion of external ancillarity under regularity conditions which
exclude A from being not ancillary at all (See Basu (1959)).

Before we dismiss external ancillaries as having the same status as
constant ancillaries it must be stressed that only in the present context
are they “‘useless’; in the presence of nuisance parameters they can be
of considerable value. Even in simple cases a set of external ancillaries
can, when put together, yield the whole data (Basu (1959)). This is
hardly what we would expect of an informationless statistic.

Perhaps the worst case of conflict between the conditionality and
sufficiency principles we could imagine is if the sample size itself were
non-internal (i.e. was neutral). This 1s indeed possible; consider the
likelihood function in Example 1:

1 5
L(6;u,t n)= 5 Yl THOHIE) Iy — 1)1,
u

Then the minimal sufficient statistic for 8 is (U, T) and so N is not
internal. In this case, however, we are saved by conditioning on U
since this leaves us with a model entirely free of N. It turns out that
N-sufficient ancillaries are always available in such situations.
Generally speaking, the densities that we imitially work with in
any particular problem are conditional on the sample sizes n. The case
we have been considering i1s the one where, conditional on N,
considered random, U is an ancillary complement to T and that
further conditioning on U removes N from the model. Letting
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n-subscripts denote densities conditional on N=n the joint density
may be factorized as

dF(0, t, u,n) = dFJ(t | u) dF,(u) dF(n)
with obvious notation. Thus
L(B)x a’Fff(r | u)

and so (7, U, N) is, most generally at least, minimal sufficient. The
case of U being N-sufficient (or the first term being free of n)
corresponds exactly to the case of L(8) being free of n. Thus U is
N-sufficient iff N is not an internal ancillary (i.e. neutral). We thus
have the pleasing result that when N is neutral, and the sufficiency
principle does not allow us to condition on it, conditioning on the
N-sufficient ancillary U, which is internal, efiectively eliminates N
from the argument. We have in fact reconciled the model conditional
on N=n

FHUNSES R GEYACY

with the marginal model, f°(u, ), recommended by the sufficiency
principle and obtained by integrating out n. Further conditioning on U
reduces both models to £%¢ | u). In such cases, therefore, conditioning
on U saves us from having to decide between these two basic
principles of inference. Since the motivation for conditioning on
ancillaries is to treat as fixed all aspects of the experiment not of direct
relevance to 6, if conditioning on a particular statistic leaves the
sample size free then we have failed in this aim. The above discussion
ensures that only when the sample size is internal ancillary, and itself
available for direct conditioning, do such ancillaries appear.

The above factorization of the likelihood also provides the
simplest characterization of the N-sufficiency of an n-conditional
ancillary U. A necessary and sufficient condition is that the n-
conditional density of (7, U) have the form

g(0, t, wh(n, u)

for some functions g and A.

Finally note that, given U, T is complete and (U, N) is jointly
ancillary. It is shown (Becker & Gordon (1982)) that this implies U is
a better conditioning variable than N according to the criterion of Cox
(1970) and this may be generalised (Lloyd (1985)) to all choice
algorithms satisfying certain natural axioms.
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