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EFFECTIVE CONDITIONING

CHRISTOPHER LLOYD!
La Trobe University

Summary

The ultimate aim of conditioning is to obtain a more relevant estimate
of estimation precision by separating experiments of higher precision from
those of lower precision. The cost is the information, if any, contained in the
conditioning variable. This paper considers the problem of quantifying the
costs and benefits of conditioning. Several examples are studied and some of
the asymptotic consequences explored.
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1. Introduction

Conditional arguments are an important tool in mathematical statistics. For
instance, a rather complicated random variable may have a known and simple
distribution conditional on some other variables, so its distribution may then
be obtained by integration. Nuisance parameters, so called, can be eliminated
by conditioning on statistics sufficient for them, leading to unconditional similar
tests (Lehmann & Scheffé, 1950). Certain score functions are made unbiased by
deducting their conditional expectations or, equivalently, by forming conditional
likelihoods (Lindsay, 1982). However, so long as the final form of inference is
unconditional, these are not true conditioning arguments but merely a mathe-
matical artifice of a particularly elegant form. From a fundamental point of view
they have no more inherent logic than performing all calculations in base eight.

In this paper we study conditioning. By this we mean not the mathematical
details of pseudo-conditioning but rather the logic of true conditioning. True
conditioning on a statistic A is achieved when the value of A is fixed at its
observed value from the beginning to the end- of the statistical amalysis of a
given model. Typically A is a component of the minimal sufficient statistic
(MSS) distributed (approximately) free of 8, called an (approximate) ancillary
for 6. In this paper, except for the last section, attention is confined to a single
parameter 8, firstly because a scalar parameter requires a simpler notation and
secondly to isolate the important features of conditioning without the further
complicating issue of nuisance parameters. Cox (1988) gives a useful review of
conditioning in an asymptotic context.
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The paper is in four sections. First, we introduce two criteria for judg-
ing a conditioning variable, called uiility and relevance, and define quantitative
measures of them in terms of conditional and unconditional information. The
central contention of this paper boils down to three progressively more refined
observations:

(i) these two criteria are logically, conceptually, and mathematically distinct;
(i) both criteria must be considered in evaluating the effectiveness or otherwise
of conditioning; and
(iil) these two criteria can compete in the sense that a variable optimal in one
may be far from optimal in the other.

In Section 3, we consider how best to combine utility and relevance in an
overall measure of conditioning merit. Section 4 explores how utility and rele-
vance may compete asymptotically and concludes that first order ancillaries are
not necessarily the best conditioning variables. In the last section, the ideas are
extended to the nuisance parameter case and we study the controversial example
of the contingency table.

Most mathematical proofs are given in the Appendix to the paper.

2. Relevance and Utility of Conditioning Variables

Suppose that a sample is taken on a statistical model f(z;6) with scalar §
but that the MSS S is not a scalar. Break S into an estimator T(5) and an addi-
tional or ancillary statistic A(S). This ancillary statistic A may be a vector, but
for simplicity scalar notation is used. Should T' be evaluated by comparing it to
its marginal (i.e. unconditional) distribution or to its A-conditional distribution?

There are basically two approaches that justify conditioning on A. Firstly,
imagine breaking up the experiment into two steps: observe A, and then ob-
serve 1" knowing the value of A. If the first step of the experiment happens {o
contain little or no information about @ then only the second step is of inferen-
tial importance. Such an uninformative statistic A is often called ancillary, the
judgement of its informativeness or utility being based on its marginal distribu-
tion. The first approach that justifies conditioning is thus ‘low utility statistics
tell us little about @ so ignore the statistical experiment of observing them.’ Ad-
ditional weight is given to this argument from two sources. First, it is the same
argument used to justify the sufficiency principle which is universally accepted.
Second, when ‘information’ means Fisher information, the information in the
second step is approximately equal to the total information in an average sense
(see equation (2.1)).

A second justification for conditioning may be used when it can be argued
that the value of A specifies certain important properties of the conditional exper-
iment, say its precision. Conditioning on A then distinguishes between properties
of the actual experiment and those of possible experiments that might have been
conducted but were not. It fixes the relevant features of the experiment. The
commonest example is the sample size of an experiment which is nearly always
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considered fixed even though it is random in the sense that it cannot be predicted
before the experimenter sets it. It is not necessary that A be even approximately
ancillary to perform this function.

The following example is a modification to one of Cox (1958). Though artifi-
cial, it runs to the heart of the matter and justifies the itemised assertions about
utility and relevance listed in the introduction. The main aim is to establish that
non-ancillaries can be preferable to ancillaries as conditioning variables, a point
perhaps appreciated but never before stressed in the literature.

Example 1. An unknown quantity 8 is measured on one of four machines with
normal errors and zero bias. The table below lists the probability of use of each
machine and the variance of the measurement X as well as the values of two

statistics A; and As. The MSS for 8 is (X, A1, Ao).

Machine 1 M1 M2 M3 M4
Variance 99.9 100.1 10.1 9.9
pi(6) 25 —8X; 25 —6Xo  2540X; 2540
Ay 1 1 0 0
An 1 0 1 0

The A; are small but known constants. Either of A; and A, partially identi-
fies which machine was used while the pair (A;, A7) fully identifies the machine.
Which of these should we use as a conditioning variable in evaluating the mea-
surement X7 We interpret this question as asking what variance we should
quote: the variance of the actual machine used, the average variance across all
machines, or something in between.

The statistic A; is not ancillary unless A; + Ay = 0, but it distinguishes
between a pair of good machines and a pair of bad machines and thus tells us
much about the accuracy of the measurement X. On the other hand A4, is an
exact ancillary, but divides the four machines into two groups, both containing
one good and one poor machine. Its value tells us almost nothing about the
accuracy of the measurement X. Provided that A; and Ay are small so that A4;
is not too informative about 8, it is surely the preferred conditioning variable
despite the fact that it is not ancillary and an exact ancillary, A, is available.
However, if |{A; + Aq| is larger then A; may contain sufficient information about
6 itself to make us question the appropriateness of conditioning on it. At what
point would this occur?

Suppose that the X; are small and we condition on A;. Should we condition
further on A,?7 While this identifies the actual machine used very little extra
information about the accuracy of the measurement X is obtained as the ma-
chines within each group are very similar. On the other hand, the statistic A,
i1s not ancillary conditional on A, when Ay # Ay. Under these conditions if is
unclear if one would further condition on A, after A;; rather little is gained and
rather little lost.
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Next we turn to the measurement of utility and relevance. In any study
of conditioning the information in the conditional experiment, as opposed to
the unconditional experiment, is central. We use Fisher information since it is
widely accepted from both axiomatic and practical standpoints. Let {8 denote
the loglikelihood of the experiment of observing a statistic B conditional on a
statistic A where the argument 8 is suppressed. When B is sufficient it is dropped
in the notation and we instead write £4. When A is trivial, corresponding to no
conditioning at all, we write {¥. The Fisher information in the distribution of
B given A is

i§ =var((£2) | 4) = E(-(£1)" | 4),

where / denotes derivative with respect to #, and we assume mild conditions
of regularity, as we do wherever necessary throughout the paper. By expand-
ing £%4 into A-marginal and A-conditional terms we obtain the information
equation

B4 = EGE) 444 (2.1)
In particular when B is sufficient we obtain (Basu, 1964)
i =B(i4) + 1% (2.2)

On average the difference between the conditional information and the full in-
formation is the marginal information contained in the conditioning variable.
When the conditioning variable is exactly ancillary Fisher (1934) says that the
‘information has been recovered’ by conditioning and goes on to suggest that con-
ditioning on derivatives of the likelihood function might achieve this to a high
order of accuracy in the general case, though this has never been formalised.
The extent of the information loss may be taken to measure the negative aspect
of conditioning, something which is to be minimised. On the other hand, if i4
is sensitive to changes in the value of A then conditioning is strongly indicated.
The extent of this sensitivity may be taken to measure the positive aspect of
conditioning, something to be maximised. To the aunthor’s knowledge, these
two complementary features of conditioning have been neither distinguished nor
measured adequately in the vast literature on conditional inference.

Now i 4 measures the information in the A-conditional experiment, but de-
pends on the observed value of A, so that in order to measure overall utility one
must take some location measure of i4. Alternatively, we may take i to mea-
sure the information lost and note that in (2.2), i is fixed for a given statistical
model. Either approach strongly suggests that we use

U(A)=B@is) =114 (2.3)

as a measure of utility. On the other hand, large variations in ¢4 with the
observed value of A indicate a high degree of relevance. We take

R(A) =SD(i4)
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as a measure of the relevance properties of a statistic A. Cox (1971) uses R(A4)
to distinguish between exact ancillary statistics, a restriction not imposed here.
Both definitions need to be extended to conditional versions. For example, to
evaluate a statistic B that is evaluated conditional on A, we apply the above
definition to the A-conditional experiment to obtain

UB|A)=E(iap|A)=is—1i5, R(B|A)=SD(isp|A). (2.4)

To a large extent the choice of expectation and standard deviation as respective
measures of location and dispersion may be justified by the properties embodied
in the following lemma and Theorem 2 of Section 3, though it is not claimed
that any other measures would necessarily violate these properties.

Lemma 1. (i) U(A) > U(A,B) with equality if and only if B is ancillary
given A.

(i) E(U(B|A)) =U(A,B).

(iii) If B is ancillary given A or if A and B are independent then

R?*(A4,B) = R*(A) + E(R*(B | A)) > R*(A).

Remarks. Property (i) typically means that less information is utilised when
we condition on a functionally larger statistic, the exception being when the last
statistic is ancillary given the previous ones. Property (ii) is often convenient
for calculations when the model for B given A is more transparent than the
joint model. Relevance may be either increased or decreased when one further
conditions on B (see Proof). Property (iii) both specifies conditions sufficient for
relevance to be increased and defines the increase as the average of the square
of the relevance of B given A. However, it is not necessary that B be ancillary
conditional on A for relevance to be enhanced, and it is precisely those cases
for which the optimal conditioning variable is not ancillary that are of major
interest in this paper.

3. Measuring Conditioning Efficacy

A sufficient statistic, S, is the worst conditioning statistic possible: condi-
tioning on it destroys the statistical model completely. In comparison, a constant
statistic, C, is relatively harmless as a conditioning statistic: conditioning on it
achieves precisely nothing at all. Since ig = 0 and i¢ = ¢ we have

U(S)=0, R(S)=0, U(C)=1i, R(C)=0.
In between these extremes are non-degenerate ancillary statistics, 4, for which

U(A) = i and R(A) > 0 and non-ancillary statistics, B, for which U(B) < i
and R(B) > 0, possibly greater than and possibly less than R(A) depending on
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the particular statistics A, B. In words, as we range across all possible statistics
from C to 5, U decreases from its maximum value i to zero while R begins
and finishes at zero and presumably reaches some maximum at some statistic in
between, possibly ancillary and possibly not. Here are the first fruits of carefully
separating the roles of conditioning embodied in U and R; when a statistic is too
informative then it is poor as a conditioning statistic, not only because it leaves
little information to be utilised, but also because it leaves insufficient ‘space’ for
relevance. Notice also that U is far too heavy-handed to be used as a measure of
conditioning merit on its own; it fails to distinguish between C and A or indeed
any two ancillaries so, in the absence of the extra characteristic R, we would
be forced to resort to functional maximality which is known to lead to non-
uniqueness problems (Basu, 1964). Indeed, by Lemma 1(iii), R automatically
leads us to prefer functionally maximal ancillaries to non-maximal ones, but it
achieves much more than this.

It remains to combine U(A) and R(A) in some way to obtain an overall
measure of conditioning efficacy which trades off utility against relevance. Let us
call such a measure D?(A4) with the interpretation that the ratio D2(A;)/D?(A,)
measures the relative merit of A; and A, as conditioning variables. This means
that D? is defined only up to a multiplicative constant. We confine our attention
to measures D? which depend on A only through the quantities U(A) and R(A).
Using a flexible notation, D? denotes a function of either two arguments (U and
R) or one argument (the statistic being evaluated) depending on the context.

There are several elementary considerations of what we require of such a

measure. These reduce the field of possible combinations of R and U to a man-
ageable family. In what follows, we assume that U(A) and R(A) are linear
measures of, respectively, location and dispersion of i 4.
(1) If A; and A, are two statistics on a given model then they should have the
same relative efficacy when reparametrised from 6 to ¢. Since reparametrisation
alters both R(A) and U(A) by a factor x = (88/04)?, the essential requirement
of parametrisation invariance leads directly to the functional equation

D*(kz, Ky) = f(h‘,)D?' (z,¥).

(2) Small changes in U(A) or R(A) should produce correspondingly small
changes in the measured efficacy of A. This condition of continuity requires
that D? be a continuous function of its two real arguments U/ and R.

(3) We require validity of D? as a measure of relative conditioning merit. At
the very least we require

0= D*(S) < D*(C) < D*(4),

where S, C and A denote sufficient, constant and ancillary statistics. In addition,
since large values of R and U imply a good conditioning variable, D? must be
strictly increasing in both its arguments.
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Theorem 1. The only functions D? satisfying the requirements (1)—(3) of
parametrisation invariance, continuity and validity are of the form

D? (A) = ’}/{E(iA)ﬁ -+ aSD(iA)ﬁ]

where «, B are strictly positive constants and v 15 an arbitrary non-negative
constant.

Next let A? denote an absolute measure of conditioning merit. By this we
mean that it may be used to compare a statistic to statistics defined on some
other experiment and also to some absolute standard. What comprises a high or
low value of A?? We insist that A?(C) = 1; we may take this as the least value
of A? that a statistic may have and still be considered as a conditioning variable.
The rationale for this is that if A%(A4) < 1 then it is a worse conditioning variable
than a constant statistic, in which case conditioning on a constant statistic, i.e.
not conditioning at all, is to be preferred to conditioning on 4. In addition to (1)-
(3) above A? should have a fourth property that we call consistency. Let A; be
a statistic and Cy a constant formally defined on some experiment independent
of the first. The judgement of whether conditioning on A4y is good or bad ought
not to depend on the whether we take the first experiment or both experiments
to generate the sample space. Thus A%(A4;,Cy) >, = or < 1 according as A%(A;)
>, = or < 1 respectively.

Here is a preparatory lemma and the main theorem concerning absolute
measures.

Lemma 2. Given n independent experiments, let A; be some statistic on the

jth experiment with associated quantities U;(A;), R;(A;) forj =1,...,n. Then
(i) U(A1,...,4,) = > i=1 Ui(4;),

(i) R*(A;,...A,) = 2?:1 R%(A;).

Proof. Useia,, . 4, = DotA;, AT An o S~ i4 and i =4; + - - + i, where i;
is the Fisher information in the jth experiment.

Theorem 2. The only absolute measure of conditioning merit A® which de-
pends only on U and R, and which is parametrisation invariant, continuous,
valid and consistent, has the form

A%(4;q) = E(%) +aSD (-’-;i) (3.1)

where the constant o > 0 and ¢ = E(i4) is the full Fisher information.

The constant B in D* must equal 1 if D? is to lead to a consistent absolute
measure and we henceforth take 8 = 1. From Lemmas 1-2 we deduce some
important properties of D2, all of which translate directly into properties of AZ.
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Corollary 1. If A’ is ancillary conditional on A then D?*((A, A")) > D*(A). If
the ancillary statistic B functionally contains the ancillary A then R(B) > R(A)
and A%(B) > AX(4) > 1.

Proof. Proof follows from Lemma 1 with B = (4, A").

Corollary 2. Under the conditions and in the notation of Lemma 2,

ZD2 ) > D*Ar,..., An) = Y Ui(A4;) + o/ 30 R3(4;)

2D2(A1,...,An_1).

It should be noted that A? may depend on #; however if § is a conditional
scale (or location) parameter then A? is free of §. Unequivocal comparison of
conditioning variables is then possible, without regard to the true value of the
parameter. Measures D?, A? satisfy several essential criteria given in Theorems 1
and 2. We are still left with a family of measures indexed by o the choice of which
must rest on further less objective criteria. The value we choose depends on how
important we consider the relevance property, i.e. to what extent we are prepared
to distinguish accurate estimates from innaccurate ones at the cost of perhaps
underestimating the accuracy on average. For the remainder of the paper we
take o = 1, for no better reason than that it gives equal weight to the natural
quantities U and R for which we already have simple interpretations. Together
with 3 = 1, this specifies an unequivocal measure of conditioning merit. In what
follows, we identify explicitly those points where this choice is important.

To obtain some idea of what constitutes a practically high value of A?®
consider again the scheme of Example 1, but with only two machines with re-
spective variances ¢? and 0% /1. Let A indicate the machine used and suppose
Pr{A =1} = 7 so that A is an exact ancillary. In this case

(ia, A) { (1/0%,1)  with probability =,
ia, A) =
? (¥/c?,2) with probability 1 — .

Then, since A is ancillary, U(A) = E(i4) = (¢ + (1 — ¢¥)7)/0? and

RY(4) _var(ia) _ (= D)2r(1—m)
@ Eia) | @+ (- o))

with maximum value (¢ — 1)®/4¢) when 7 = /(¥ + 1). Notice that this is
unchanged if v is replaced by 1/¢. If we take 1 > 1 then

AZ(A) =1+ oy /(1 - 1)2 /4. (3.2)
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For example taking o = 1, if a certain statistic in a problem has A% = 1.3535
then it may be compared to a two machine experiment with ¢y = 2. It is easy to
invert (3.2) to obtain

=1+2(A% = 1)2 £2|A% — 1|/1 + (A2 —1)2, (3.3)

These two values are reciprocal. This equation may be used to convert a given
value of A? into an equivalent variance ratio for two machines.

To conclude this section, we examine two of Fisher’s examples that are often
used to illustrate the conditionality argument.

Example 2. This example is discussed in Fisher (1948). Suppose that X,Y
are independent variables with exponential distributions and respective means
1/0 and 6. The MSS for 8 from identical, independent samples is (X',Y") =
(3" X;, 3" Y;) and the full Fisher information is ¢ = 2n/8%. Consider the variables

T = 7%, A=VEV

where A is ancillary for 6 and T is the MLE of §. This model is often called
the gamma hyperbola since regions for which A is constant are hyperbolic in the
original variables. The density of T conditional on A is

fria=a(t;a, ) = tKi(a) exp [ma(g-;—g)] (¢ > 0).

Here, K¢(a) is a conditional normaliser closely related to a Bessel function and
8 is a conditional scale parameter. The conditional information is

20 ELI T |

which is free of § when divided through by i. Both the conditional normaliser
and conditional expectation may be readily approximated. To calculate A? we
must find the variance of ii with respect to the -free density of A,

a2n—IK0 (a) |
(n — 1)1

A model of a similar nature is given in Fisher (1959, p.134) where bivariate
unit scale normal variables (X;,Y;) are centred at an unknown point on the
unit circle. The ancillary in this case is the length of the resultant data vec-
tor (3 X;, >, Y:) and the conditional information is another complex expression
involving Bessel functions. In Table 1, values of A?(A) with & = 1 have been
numerically approximated for both these models and several values of n. The
equivalent proportional difference in machine variance, ¥ — 1, is also given. This

fala) =
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TABLE 1
Effectiveness of conditioning in Example 2
N Circle Hyperbola
Al 100(~ 1) A 100(v~ 1)
1 1.397 228 1.518 281
2 1.221 148 1.348 207
3 1.152 114 1.270 171
4 1.116 95 1.211 144
5 1.096 84 1.176 126
6 1.078 74 1.152 114
8 1.062 - 64 1.116 95
10 1.048 55 1.094 83
15 1.031 35 1.064 65
20 1.024 26 1.046 53

quantity depends neither on a, since A is ancillary, nor on 8, as it is a location
parameter. In both cases, the ancillary is a ‘leverage’ index since the larger its
value the further the resultant vector from the origin and the more powerfully
may one infer the position of the mean on the hyperbola/circle. Conditioning
is apparently somewhat more effective for the circular than for the hyperbolic
model. As the sample size increases, this effectiveness decreases as one would
expect of any model for which the MLE is asymptotically sufficient.

4. Asymptotically Effective Conditioning

In this section we study conditioning for large sample sizes. By calculating
the quantities R and U in an expansion about 8y we can find a variable which has
the desired property locally and to a given order in the sample size n. Moreover,
we study so called first order ancillaries that have information O(1), and hence
their utility is 1+0O(n™1). It is shown that the relevance of such statistics is typi-
cally O(n~'/?) and that consequently A? is not necessarily maximised to O(n™1)
by a first order ancillary: we can find a linear combination with an informative
statistic that has larger A? to this order. Higher order calculations are difficult
but there is certainly no reason a priori to suppose that mimimising information
to a given order produces a statistic with maximum relevance, particularly in
view of Example 1. We begin by returning to Example 1.

Example 3. Most of the salient features of the asymptotic expansions studied
later in this section can be easily brought out by considering n 1.1.d. observations
on Example 1. For each observation the machine used and the measurement, X,
are recorded. Then (X*, o, s, a3) is the MSS for § where X* i1s the variance
inverse weighted mean of the X;s, oz = #(4; =1 = Ay), and a; = #(4; = 1)
(j = 1,2). As described in Example 1, ¢; is more relevant than os but at § =0
it contains information 4n(A; + A2)? which, although small in proportion to the
total information available, grows unboundedly with n. For n large enough this
information loss might outweigh the enhanced relevance of treating it as fixed at
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its observed value @ when X* is a combination of a observations on M1 or M2
(with variance around 100) and n — a observations on M3 or M4 (with variance
around 10) so that

e 08,

var(X* | oy = a) = -

nno on
which varies greatly as a varies. The inverse of this is the conditional Fisher

information from which we may easily calculate the quantities of interest in
D?(0):

E(iz=,,) SD(i%=,,) 9 186(\; + As)
e’ 4 2 X/ _ 1 2
e = 122000 + Ao : o (1 = ) ,

in both cases with error O(n ™). Since the first term is less than one there is loss

of asymptotic information in conditioning on oy whereas the relevance decreases
with the sample size as n~'/2. Finally, consider

= +(A1 -{*—)\2))—{:

which is a statistic with expectation free of § and variance ; + O(A?*/n) and so
second order ancillary in the terminology of Cox (1980). Since the estimate X * is
a linear function of o; conditional on «, we evaluate the conditional information
in X* to be firstly free of the value conditioned on, and secondly uniformly low.
Apparently, this conditioning does not enhance the relevance of our inference.
In the remainder of this section, we derive an asymptotic expansion for

A?(A) of the form
&
A2(A4) = 6, + _-ﬁ +0(n™Y)
where 61, 6o depend on various cumulants and their derivatives for the particular
case of (2,1)-exponential families. We then seek to maximise this within some

class of conditioning statistics including the first order ancillary of Cox (1980).

Theorem 5. In a (2,1)-exponential family, let S1, S2 be standardised versions of
the MSS described in Cox (1980). Let Ay be the first order ancillary and Sy the
combination of S§1,S5s orthogonal to Aq. Then there exists a linear combination
A of Ay and Sy, not necessarily equal to Ag, with A?(A) > A%(Ap) to order n—1,

Proof. As in Cox (1980) consider values of 8 = 8§y + §/+/n in a neighbourhood
of a point of interest §y. Let x;; denote mixed cumulants of (S;,S2) and

Kem (8) = Kom + Qemb /1 + Bemb? [0+ O (n3/2)

where ko1 = k11 = K10 = 0, Koo = koo = 1. The first order ancillary of Cox
(1980) has a9 = 0 and the second order ancillary has Bip = ag9 = 0. This
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is based on minimising the information (i.e. maximising the utility) of A(c) =
¢Sy + (1 — ¢)S> with respect to ¢ to first/second order. However, this takes
no account of relevance. To study the effect of relevance we need an asymptotic
expression for the information in S» given S;. This is obtained in Lloyd (1991) by
substituting expansions for conditional moments of Sy into a general expansion
for Fisher information. The resulting rather complicated expression simplifies
when (51, S2) have standardised cumulants and is given by

is,)5, (0) = nagy + vnS1(2ap1011 — 0 K12) + O(1). (4.1)
Since the total information in the model is i = n{ad, + of;) + O(1), on taking
expectation and standard deviation of (4.1) we obtain
U(Sy) a5y —1y R(S1) _ 2e01011 — 05, Ko -1
_ _ O(n~b). (4.2
z oy + o +ot7), z vn(ady + of) TOBT). (42)

Define a class of statistics indexed by ¢ and which includes the first order ancillary
Ag and the linear function of Sy, S, orthogonal to it, Sp. Explicitly, let

A(c) =CAg + cSo, S(c) = cAp — €Sy = A(—C) (c € (-1,1)),
where € = /1 — ¢? and note that A(c), S(c) are standard scale, orthogonal and

jointly sufficient for 6. To obtain an expansion for Fy,{c) = D?(A(c)) we need
their joint cumulants in terms of those of A, Sp. These are

* * e * 2 -2 —
& .. =3 . . 2 . . 2= 3
Kip = K12C + (hga — 2K91 )CC + (h,gg - 2!»12)6 C+ KoiC”.

Substituting these into the functions at (4.2) gives an expression for A? and
leads directly to the form

i1 Fa(c) = g(c) +

with g(c) = a3;(1 — ¢?) and

200900 — 20x 2c
h(C) = O{gl 200{ 02 CEZ + > 1 E(Cz - E‘z) -+ I‘C]‘QES -+ (&03 — 2&21)6&4
01 01

h{c)
n

+ LE:) 4 O(n-—s/z)

+ (K30 — 2K12)CC° + K91 2T,
taking o = 1. Now g(c) is maximised at ¢y = 0 and ¢”(0) = ~2a3,, and
R (0) = sgn(k12 — 2041 /cr1) (2001 (20 — cip2) + 0y Kos — 2031 K21 ),

so the optimising value of ¢ is

. 1 o - {¥p9g KQ3
Cnxsg'ﬂ(zau/ammﬁlz)ﬁ( 20 9+ 2 “521)

o1 2

(see Lemma 3). The choice 3 = 1 is essential to these results. The chosen value
of o enters directly as a scale parameter for ¢, but has no effect on the order of
the correction in the sample size n.
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Fig. 1.— +/n ¢p{p)

Example 4. Let U and V be standard normal random variables with correlation
p. For a sample of n independent observations the MSS for p is “

1 i ) . 1 n
§1= =Y (VI +V7), SQ:E;UM,

=1

and the first order ancillary is just the standardised version of S;. The stan-
dardised MSS in the notation of this section is then

po(S1 ‘*2)) v 1+ P}

1+ 05 1—pf

1-158,
V1i+sg

The moments of Ag and 5S¢ are

Ay =

So = (52“-130—‘

2(1 = pop)(p — po)
n(1 - g5)

1+ p°
E(Aq) =0, var(4o) = - #

2112 cov(Ap, So) =

var(Se) = 222" Ao = o)l = po)(1 + i) — 2p0(1 = o)
0 n(1+ p5)(1 - p§)?

The required derivatives and third order cumulants are thus

2p0 2 V14 pd ~2p0(3 + p§)
= O, = eem—, = %, Im e o= )
Qi Q20 1+ p% 1 1+ p% Qo1 1= p% g2 1— pﬁ
2p ~2p(3 + %)

ﬁzlzw(1+p2)3/2, Koz = (1+p2)3/2'
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} i rno
a5 1.0

Fig. 2.— Conditioning effectiveness of Ag and A measured by v — 1 (n=20)

Notice that
A2 (p, A* (c)) = A? (—p, A*(—c)) ,

so ¢*(—p) = —¢*(p). This may be inferred from the symmetry properties of the
model under sign changes. Figure 1 shows a graph of the numerator of é, as a
function of p. Note that

20511 2(1 - pZ)

— Kip = e

a1 (1+ p2)3/2
is always positive. When p = 0 is the point of interest, the correction to the first
order ancillary Ag is zero to this order. For all other values of p the correction
is non-zero and is actually a maximum (of £1.0) when p = £1/v3. A%(4y) is
given by

2(1 - pz) — 2 - -~
A%(Ap) =1 O(n™) = A?(A(é, O(n™h).
However, the effectiveness of A = A(¢,) actually exceeds that of Ag by an amount
2¢2 /n. Provided the neglected O(n™!) term is not too large compared to this,

one should be able to make a rough comparison of the effectiveness of these two

statistics via

- 262
A2(A) = A%(4) + ;”

where both estimates of A? are only correct to O(n~1/2). Even more usefully,
one can convert these values into equivalent machine variances using formula
(3.3) for ¢. Figure 2 presents plots of 100(y/¥ — 1) against p for 4y and A at
n = 20. One can interpret 100(y/2) — 1) as the percentage difference in standard
deviation of two machines. For instance when p = £0.55, conditioning on A,
compares with conditioning in a machine example with a difference in standard
deviation of 17% while conditioning on A compares to a figure of around 29%.
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The graph indicates that for .2 < |p| < .9 there is considerable difference
in the conditioning efficacy of the two statistics. Note also that the efficacy of
conditioning is least when |p| is closer to 1, despite there being a larger amount of
total information available (i(p) = nog;). Optimal conditional inference would
be based on the conditional distribution of S(é,) given A(¢,) which may be
approximated by

Fs1a=als) = ¢(s)(1+67_—HT e ,s)) +0(n™1)

in the notation of Barndorff-Nielsen & Cox (1979) where the O(n™") term is also
given. This involves calculating the third and fourth order cumulants ;.

5. Conditioning in the Presence of Nuisance Parameters

In addition to the parameter of interest 8, models often contain parameters
of no direct interest in themselves, usually termed nuisance parameters. Typ-
ically, inference on # is required, valid regardless of the value of the nuisance
parameters henceforth labelled ¢. A common device for achieving such inference
is to identify sufficient statistics, S, for ¢. It is often recommended that inference
be based on the conditional distribution of the data. While it is true that this
produces ¢-free inference this is not necessarily the only way to proceed.

Taking the testing problem as an illustration, one can obtain a UMPU
critical region of size o by ‘glueing together’ S-conditional regions of size o
(Lehmann & Scheffé, 1950). The conditional power of this test can be calculated
regardless of ¢. In contrast, its unconditional power depends on ¢ but may be
bounded as ¢ varies, in which case a ¢-free bound for the power may be given.
Do we evaluate the test conditionally or unconditionally?

From one point of view, conditioning out nuisance parameters with a suf-
ficient statistic S is quite a different process from conditioning in the single
parameter framework. It is a device for separating #-inference from irrelevant
details such as the value of ¢. However, we may still apply exactly the same
criteria in evaluating S as a conditioning variable, namely,

(1) how much information is lost in conditioning on S, and

(2) to what extent does the value of S index the actual precision attained?
Put another way, even though the original motivation for conditioning on 5 is
to obtain inference about 8 alone, S still performs much the same function as a
conditioning variable in the single parameter case, over and above its function
of eliminating nuisance parameters. How may we measure the efficacy of this
function?

An analogue of equation (2.2) is easily developed for this purpose. Define
I%(6; ¢) by

Xq. . *—32 logB(X,B,qﬁ)
I%(6;9) = E( TED )
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and the information I*(8 | ¢) in the statistic X about 6 ignoring ¢ by

I*(6; ¢)°
I*(0 | ¢) = I*(6) - X

IX(8 | ¢) is often used, in the presence of nuisance parameters, to measure §-
information, though generalisation is possible (Godambe, 1984). If we denote
conditional information in the obvious way, for instance

~8? :
viop 0 |9)

Is(6;¢) = B(
then it is easy to show that the equation

I(6 | ¢) = E(Is(6)) + I°(8 | ¢) (5.1)

holds, where we have used the fact that S is sufficient for ¢ so that Ig(6; ¢) = 0.
We thus define
I5(6) Is(8)

A2(S) = E(W) +aSD (W) (5.2)

as a measure of the conditioning merit of S. This differs from (3.1) only in the
use of I(f | ¢) rather than I(6) as a divisor.

A common situation where nuisance parameters are easily eliminated is the
(2,2)-exponential family characterised by a density of the form

g(z, s)e*d+s¢
h(6, ¢)
The nuisance parameter ¢ can be eliminated by conditioning on S. The resulting

conditional density is an exponential family so that UMPU tests of  are easily
constructed. It is straightforward to show that

fx.s(z,s) =

I(6) = var(X), I(6;¢) =cov(X,8), I(¢)=vax(S),

so that (0 | ¢) = var(X)(1 ~ corr?(X, S)). Moreover, Is(6) = var(X | S) so to
calculate A*(S) we must find the expectation and variance (with respect to S)

of
var(X | S)

var(X)(1 — corr?(X, S))’

These ideas are illustrated in the following example.

Example 5. Comparative trials are one of the simplest statistical experiments.
Suppose that we have two independent binomial variables

Xi=Bi(p;, N;)  (i=1,2)
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with interest being in whether or not p; = p,. The natural parametrisation of
this problem is in terms of

Then 8 = 0 corresponds to p; = ps and ¢ is a nuisance parameter. The joint
distribution of X1, X5 is of the exponential family form and we find that T =
X1 + X, is sufficient for ¢. There is still disagreement over whether or not
the hypothesis § = 0 should be tested conditional on the observed value of T'
(Barnard, 1945; Berkson, 1978; Yates, 1984; Lloyd, 1988). Conditional on T', X,
has a generalised hypergeometric distribution leading to the Fisher-Yates exact
test. The information about 8 ignoring ¢ is

N1 Nopipa(1 — p1 )(1 ~ po)
Nipi(1 —p1) + Nopa(1 ~ po)

(0] ¢)=

expressed in terms of p;,ps for convenience. The information about 4 ignoring
@ 1n the statistic T is

(Nipr(1—p1))?
Nipr(1 = p1) + Napa(1 — pa)

IT(6 | ¢) = var (E(X, | T;6)) —

for which IT(Q [ Qb) > 0 unless § = 0. When 8 = 0, E(.X1 l T) = N]_T/(lvl —f-—Ng),
and so I7(8 | ¢) vanishes. Hence, if § = 0 then

Ir(6
E(I(g(l q)s)) =1

The expression for I(f | ¢) also simplifies to N; Nyp(1 —p)/(N1 + Ns), where p is
the assumed common value of p1, py. Since X; has a conditional hypergeometric
distribution, '

Ir(6) T(N, + N, - T)

I0[¢) N+ Ny) (Vi + No—Lp(1—p)

we require the variance of this expression with respect to the Bi(p, Ny + Nj)
distribution of T'. Some algebra leads to

2 (2p — 1) 2(p* ~p+1) 1/2
Al =1+ ((Nl + N2)p(1 - p) - (N1 + No)(Ny + No — 1)2p(1 m—p))

for Ny + Ny > 1. This equation is symmetric in p and 1 — p as required by
the invariance properties of the model. It is evident that the closer pisto0or
1 the more favourably we judge T' as a conditioning variable. Note that there
is less total information available for extreme values of p. Hence, T must index
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experiments of (on average) worse precision more effectively. In fact, when p = -;—
A? =1+O0((Ny+ N2)~ 3/2) but otherwise exceeds unity by O((Nl + N») 1/2)
In the correlation model of Example 4 we found a similar feature of conditioning
bemg effective for those cases where less total information is available, but there

is no reason why this should be true in general. A case of some interest is
Ny + N, = 2 when

Az(T)Zl-i-\/"é;"('i?:“;)"“?).

This has a minimum value of 1+ /3 when p = correspondmg to ¢ = 13.9.
Contingency tables with N; 4+ N = 2 arise in the analy31s of binary responses for
matched pairs and are analysed by conditioning on I since otherwise the MLI of
8 is inconsistent as the number of matched pairs, and hence tables, increases. The
above calculation shows that even for a single table, T is extremely effective as
a conditioning variable and conditioning on it is strongly indicated. For tables
with larger values of N; + N, A%(T) is smaller. For example if p = 0.1 and
Ni + Ny = 50 then A?(T") = 1.377 and 1 = 2.09. Clearly, conditioning on 7 is
still strongly indicated.

It would be of interest to extend these calculations to arbitrary linear logistic
models or, indeed, to generalised linear models (GLMs). Davison (1988) has
given formulae for approximating conditional significance probabilities to order
n~3/2 in GLMs. What is not established in any generality is whether or not the
conditioning is important when n is large enough for these approximations to be
adequate. The example of the 2 x 2 table suggests that in many cases it will be.

Appendix

Proof of Lemma 1. Using (2.1),
U(A,B)=i—i*P =i- (i* +E@})) =U4)-E@F), (A1)

and taking the expectation of definition (2.4) gives (ii). Equation (A.1) shows
that U(A, B) = U(A) if and only if +§ = 0, i.e. that B is ancillary given A. To
show (ii1) we have

E(RZ(B l A)) = E(V&r(iA,B ] A)) == Val'(iA,B) — V&I(E(iA,B [ A))

= var(ig,p) — var(ia — 13),

using (2.4) for the last equality. We thus obtain the equality of (iil} except for
a term cov(if — 2i4,i5). A sufficient condition for this to vanish is that i§ be
free of A. The conditions quoted are in turn sufficient for this.

Proof of Theorem 1. The functional equation (4.1) together with the require-
ment of continuity leads to the family of solutions

D%*(A) = oU(APR(A) or ~U(A)? + aR(A)P
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for arbitrary real o, 3,7v. The first inequality required by validity leads to the
rejection of the first solution else D*(C) = 0 = D?(S). It further implies that
7 > 0 in the second solution so we may take it to equal 1. The second inequality
implies that & > 0 while the requirement that D? increase in both its arguments
implies that 8 > 0.

Proof of Theorem 2. If A? is an absolute measure of merit then it defines a
relative measure of merit ‘

A*B) _ D*B)
AX(A) © DA

d2(B, A) =

and by Theorem 1, A? must have the same form as D? given there, but rescaled
by some constant. Since D?(C) = 1” the appropriate constant is 17, i.e.

U(A)P + aR(A)?

AZ(A) = >

Next let A; be defined on experiment 1 with A%(4;) = 1 and C, a constant
defined on experiment 2. Further let £ = i1 /i, be the proportion of information
lost in conditioning on 4; and r = i /(¢; +12) be the information in experiment 1
as a proportion of the total. Then taking A%(4;) = 1 and applying Lemma 2, a
little algebra leads to

A%(A41,C) = (1 =P +rP(1 - (1 - 0)%),

which necessarily equals 1 if and only if 3 = 1.

Lemma 3. Let g, h, k be twice differentiable functions from IR to IR, and let
{Fn(-)} be a sequence of twice differentiable functions satisfying

‘v oy h k [ a2y
Fo(c) = g{c) + \(/:_3 + Sf) + O(n™?).

Suppose that g is maximised at co, that g’(cy) = 0 and g"(cy) < 0. Then F,(-)
18 maximised at ¢, where

Plen) = Flen) =~ goritle 4 0(n=07)

The main point to note about the lemma is that c, is obtained by differen-
tiating F, only down to the O(n~1/2) term, but the increase in the value of the
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objective function F), is only O(n~!). Thus, given an expansion of an objective
function Fy, down to the O(n™*/2) term the improvement is not apparent to this
order.
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